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Notes on Matrix Valued Paraproducts 

Tao MEI 1 

Abstract Denote by Mn the algebra of n x n matrices. We consider the 
dyadic paraproducts vr?, associated with valued functions b, and show 
that the L°°{Mn) norm of b does not dominate W'n'bWL^iiD^L^iei) uniformly 
over n. We also consider paraproducts associated with noncommutative 
martingales and prove that their boundedness on bounded noncommutative 
L^—martingale spaces implies their boundedness on bounded noncommu¬ 
tative L'?—martingale spaces for all 1 < p < g < oo. 


1 Introduction 


Denote by Mn the algebra of n x n matrices. Let (T, be the unit circle with 

Haar measure and the usual dyadic hltration. Let b be an Mn valued function on T. 
The matrix valued dyadic paraproduct associated with b, denoted by vr^, is the operator 
dehned as 

= V/eiX)- (1-1) 

k 

Here Ekf is the conditional expectation of / with respect to Ek, be. the unique Ek- 
measurable function such that 



Ekfdt 



VF e Ek. 


And dkb is dehned to be Ekb — Ek-ib. 

In the classical case (when 6 is a scalar valued function), paraproducts are usually 
considered as dyadic singular integrals and play important roles in the proof of the 
classical T(l) theorem. It is well known that 

— ll^llsMOd’ 

where BMO^ denotes the dyadic BMO norm dehned as 


\BMOa 


= sup 


\En 




1 

I 2 
\l^ 


k=m 


And by the Calderon-Zygmund decomposition and the Marcinkiewicz interpolation 
theorem, we have | |7rf,| ^ | |7rf,| |ip^ 2 ,p ^ ||&||nMOd for all 1 < p < cx). 

When b is valued, it was proved by Katz ([4]) and independently by Nazarov, 
Treil and Volberg ([8], see [10] for another proof by Pisier) that 


< clog(n -f 1) • (^-2) 

^Partially supported by the National Science Foundation 0200690. 
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Here || ■ ||bmOc is the column BMO norm defined by 

Memo. = sup 

m 

where {dkb)* is the adjoint of dkb. Nazarov, Pisier, Treil and Volberg ([7]) proved later 
that the constant clog(n + 1) in (1.2) is optimal. Thus the BMOc norm does not 
dominate ||7rfe||^2(£2)^i2(£2) uniformly over n. 

Can we expect something weaker? In particular, does there exist a constant c 
independent of n such that, for every n G N, 

ll'^f'llL2(£2)^i2(£2) < C ll&ll (1.3) 

Some known facts made (1.3) look hopeful. For example, the Hankel operator as¬ 
sociated with the Mn valued function b has a norm equivalent to 116|Here 
II ■ I |(j:^i(si))* denotes the dual norm on the trace class valued Hardy space And 

S. Petermichl proved a close relation between Tib and the Hankel operators associated 
with b (see [9]). 

In this paper, we prove the following theorem, which shows there does not exist 
any constant c independent of n such that (1.3) holds. 

Theorem 1.1 For every n G N, there exists an valued function b with ||&||£,oo(^^) < 
1 but such that 

lkb||^ 2 (<> 2 )^j^ 2 (£ 2 ) > clog(n-h 1), 
where c > 0 is independent of n. 


i?m5^(4&)*(4&) 


k=m 


TOO ('l 


This also gives a new proof that the constant clog(n -|- 1) in (1.2) is optimal. 

Denote by the Schatten p class on For / G Lp(S'p), we define Ubif) as in (1.1) 
also. As pointed out in [10], it is easy to check that \\T^h\\L‘ 2 {s'^)^L‘^{s'^) = IKfellL 2 (£ 2 )^L 2 (£ 2 ). 
For scalar valued b, as we mentioned previously, we have | |7rfe| |lp^lp ^ | |7rf,| We 

wonder if this is still true for matrix valued b, i.e. if Tifs boundedness on L^{S^) implies 
their boundedness on for all 1 < p, g < oo. 

More generally, we can consider paraproducts associated with noncommutative mar¬ 
tingales. Let AI be a finite von Neumann algebra with a normalized faithful trace r. 
For 1 < p < cx), we denote by Lp{A4) the noncommutative space associated with 
(A4,t). Recall the norm in U’{F4) is defined as 

\\f\\p = ir\xnK yfeL^iM), 


where |/| = (/*/)^. For convenience, we usually set = AI equipped with the 

operator norm ||■||_;\4 . Let A4k be an increasing filtration of von Neumann subalgebras of 
M such that Uk>oMk generates M in the w*— topology. Denote by Ek the conditional 
expectation of M with respect to E/f. is a norm 1 projection of U‘{F4) onto 
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For 1 < p < cx), a sequence / = {fk)k>o with fk G LP{A4k) is called a bounded 
noncommutative L^-martingale, denoted by {fk)k>o G Lp{A4), if Ekfm = fk,'^k < m 
and 

\\{fk)k>o\\LP{M) = sup WfkWLPiM) < OO- 
k 

Because of the uniform convexity of the space for 1 < p < cx), we can and will 

identify the space of all bounded L^(yFl)-martingales with itself. In particular, 

for any / G Lp(M), set fk = Ekf, then / = {fk)k>o is a bounded L^(AI)-martingale 
and \\{fk)k>o\\Lp{M) = \ \f\\Lp{M)- Denote by 4/ = Ekf - Ek-if. 

We say an increasing hltration is “regular” if there exists a constant c > 0 such 
that, for any m, a G fAm, « > 0, 


||u||oo ^ c| loo- 

For A4 with a regular hltration A4k, b G L^(M), we dehne paraproducts Tih)^h as 
operators for bounded Lp(A4) (1 < p < cx))-mart ingales / = {fk)k>o as 

'^bif) = dkbfk-i, 4 (/) = fk-idkb. 

k k 

We prove the following result for tt^ and nb : 

Theorem 1.2 Let 1 < p < q < oo, ifnb and Hb are both bounded on L'p{M.) then they 
are both bounded on L'^{A4). 

We still do not know what happens when p > q. 


2 Proof of Theorem 1.1 and Application to “Sweep” 
functions. 

Denote by tr the usual trace on il4 and S'^(l < p < cxd) the Schatten p classes on 
Proof of Theorem 1.1. Let c(n) be the best constant such that 

— C(u) ||&||2,°o(Mn) ’ V6 G L (A4). 

Denote by T the triangle projection on we are going to show 

< c(n). 

Once this is proved, we are done since ^ log(n+l) (see [5]). Note that every 

A in the unit ball of can be written as 
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with ||/ 3 *'™^||£ 2 } < 1 . Therefore, we only need to show 

||T(a ®/ 3)||_51 < c(n) ||a ||^2 ||/ 3||^2 , = {ak)k, P = {Pk)k ^ (2.4) 

Let D be the diagonal valued function dehned as 

n 

D = ^ Tid ® Ci 
i=l 

where r* is the i-th Rademacher function on T and (ej))L^ is the canonical basis of 
Given a = (ak)k, P = {Pk)k e let 

/ = Da,g = Dp. 

Then f,g e and 

II/IIi, 2(£2) = ||a||^2 , ||5 '|Il2(£2) = WPWei ■ (2.5) 

It is easy to verify 

Ek-if ® dkg = D{'^ aipjCi ® ej)D. 

k i<j<n 

and 

'^Ek-if®dkg = '^aipjCi^ej = ||T(a 0/3)||_5i . (2.6) 

k LI(SI) i<3<n 51 

On the other hand, by duality between L^^Sp) and L°°{Mn), we have, 

Ek-if ® dkg = sup{ tr ^ dkb{Ek-if ® dkg), ||&||l“(m„) < 1} 

k Li(Si) k 

< sup{ ||7rfe(/)||i2(^2)||^||i2(^2), ||6 |U-(m„) < 1} 

< c(n) 11/11^2(^2) 11^11^2(^2). (2.7) 

Combining (2.7), (2.5) and (2.6) we get (2.4) and the proof is complete. | 

Recall that the square function of b is dehned as 

sw = (^ I46p)i 

k 

The so called “sweep” function is just the square of the square function, for this reason 
we denote it by S'^{b), 

sHi>) = E 
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In the classical case, we know that 


\\S{b)\\BMOd ^ c\\b\\BMOd ( 2 - 8 ) 

\\S^ib)\\BMOd — (2-9) 

When considering square functions S{b) for valued functions b, a similar result 
remains true with an absolute constant. 

Proposition 2.3 For any n E N, and any valued function b, we have 

\\S{b)\\BMOc < V2\\b\\BMOc 

Proof. Since we are in the dyadic case, we have 

\\S{b)\\lMo. < 2snp\\E^[{S{b)-E^S{b)r{S{b)-E^S{bm\L-iM.) 

m 

= 2sup - {EmS{b)f\\L^(^Mr,) 


Note 


We get 


E^S\b) - Y, I4&P > E^S\b) - {E^S{b)f > 0. 


\\sm\ 


k=l 


Imo. < 2 snp \\EmS^ (b)-Y\dkb\ 


k=l 

= 2 sup||E,„ Y i4&n 

™ k=m+l 

< 21 '' 




|2 

\BMOc- 


Matrix valued sweep functions have been studied in [1], [2] etc. Unlike in the case 
of square functions, it is proved in [1] that the best constant c„ such that 


\\S‘^{b)\\BMOc — CnII&llBMOc 


( 2 . 10 ) 


is clog(n+ 1). The following result shows that the best constant Cn is still clog(n + 1) 
even if we replace || ■ \ \bmOc by the bigger norm || ■ in the right side of (2.10). 


Theorem 2.4 For every n G N, there exists an Mn valued function b with < 

1 but such that 


^4og(n+l). 
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Proof. Consider a function b that works for the statement of Theorem 1.1. Then 
||&||l°°(m„) < 1 and there exists a function / G such that ||/||j^ 2 ( 52 ) < 1 and 


y^^dkbEk-if 

k 


> c\og{n + 1). 

L^Sl) 


We compute the square of the left side of (2.11) and get 


( 2 . 11 ) 


y^dtbEt-if 

k 


2 


= tr 


J2\dkb\^Ek-ifEk-ir 


= tr I J2\dkb\\J2\dJ*\^ + + J2d^fE,.,n 

k i<k i<k i<k 

= / E(5: \dkb\^)\dif*\^ + tr /EE \dkb\^){E,.JdJ* + dJE,.J*) 

i k>i i k>i 

= l + ll 


For /, note |di/*P is Ti measurable, we have 
/ = tr 

d i k>i 

< sup I IE* 1II L-(M„)(tr j'^\dif\^) 

'' k>i d i 

^ ll^lllMOcll/lli2(s2) < 4 

For //, note E*_i/4/* + 4/E*_i/* is a martingale difference and J2k<i MfcP Ei-i 
measurable since we are in the dyadic case, we get 

II = tr fj2s\b){E,_JdJ* + dJE,_J*) 

i 

= tr j Y,d^{S\b)){E,.^fd,r + d,fE,_,n 

i 

< 2|l5^d.(S^(6))J!.-i/||L>(S>ll|/||i>,s>, 

i 

< 2||7r52(f,) 42(52)^^2(52) 

< 2clog(n + 1)14^ (6) 4 mOc- 


We used (1.2) in the last step. Combining this with (2.11), we get 

II l|2 


clog(n + 1) < 


y^]dkbEk-if 

k 


< 4 + 2clog(n + 1)11 S'^(&)4 mOc 

L^iSl) 
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Thus 

||*S'^(&)||bmo, > clog(n + 1 ). 

This completes the proof. | 


3 Proof of Theorem 1.2. 


We keep the notations introduced in the end of Section 1. Recall BMO spaces of 
noncommutative martingales are defined for x = {xk) G L^{A4) as below (see [?], [?]): 


BMOc(Wf) 

BMO^(Wf) 

BMOer.(Af) 


1 
2 

< oo}; 

M 

{x : I |a;| |BMOr(X) = 1 |bmOc(>i) < cxd}; 

{x : ||a;||BMOcr(») = niax{||a;|| bmOc(a^)) IklI bmo^CA^)} < oo}- 


{x : I |a;| IbmOc(a^) — sup 


Er, 




k=n 


When M. = L°°{Mn)i BMOc(Af) is just BMOc considered in Section 1 and 2. In 
this section, for noncommutative martingale b, we consider tt;, and Tf, as operators on 
bounded noncommutative L^-martingale spaces introduced in Section 1. We will need 
the following interpolation result and the John-Nirenberg theorem for noncommutative 
martingales proved by Junge and Musat recently (see [3], [ 6 ]). 


Theorem 3.5 (Musat) For I < p < q < oo, 

{BMOcr{M),Lp{M))e = Lq{M), with 6 = ^. 


Theorem 3.6 (Junge, Musat) For any 1 < q < oo and any g = {gk)k G BMOcr{-M), 
there exist Cg, > 0 such that 


Cq\\g\\BMOc 


< sup sup \ 

mSN a£Mm,T(\a\<i)<l 


dkga\\L<}{M)-, II adkg\\L<i{M)} < Cq\\g\ 


BMOc 


k>m 


k>m 


(3.12) 


In fact, the formula above is proved for g > 2 in [3]. It is not hard to show that it is 
also true for 1 < g < 2. In the following, we give a simpler proof of it in the tracial 
case. 

Proof. Note for any g G BMOcri-M-), 

\\g\\BMOcr{M) = sup {|| y] 4fl'a||L2(X), II V] a45'l|L2(x)}. 

We get C 2 = C 2 = 1. Note for p, r, s with l/p = 1/r + l/s and a G Lp{A4), | |a| |lp(x) < 1, 
there exist b, c such that a = be and 11&| |Lr-(x) < 1, | |c| |lo(x) < 1. By Holder’s inequality 
we then get = 1 for 1 < g < 2 and = 1 for 2 < g < cx). Thus for 2 < g < cx), we 
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only need to prove the second ineqnality of (3.12). And, for 1 < g < 2 , we only need 
to prove the hrst ineqnality of (3.12). Fix g G BMOcr{.M), m E N, consider the left 
mnltiplier and the right mnltiplier Rm dehned as 


Lm{a) = dkga and Rm{o) = adkg, \/a G Af, 


k>m 


k>m 


It is easy to check that 


sup ||Lm||L2(_v(„)^L2(_/(^) — 

m 

snp I I Lm I I L°° {Mra)^BMOcr — 
m 

snp ||i?m||L 2 (_v(„)^L 2 (_/(^) = 

m 

sup\\Rm\\L°°{Mm)^BMOcr ^ 

m 


Ilfi'llsMOc) 

WgllBMO^r'i 

\\g\\BMOr, 

\\g\\BMO^r- 


Thus Lm,Rm extend to bounded operators from L^(Alm) to L^(M), as well as from 
L°°{A4rn) to BMOcri-M)- By Musat’s interpolation result Theorem 3.5, we get L^. 
and Rm are bounded from L'^(Afm) to L^{}A) and their operator norms are smaller 
than Cq\\g\ \BMOc.ri for all 2 < g < cx). By taking supremum over m, we prove the second 
inequality of (3.12) for g > 2. 

For 1 < g < 2, by interpolation again, for 6 * = | and some c" > 0, 


I Lyyi 

Rm 


< r"\\T Mr 111-6 

< Cq \\Lm\\Lt{Mm)^Li{M) I Ifi'l luMOcr’ 

< n" W Fi 11 f? 111—6 

< (^q\\Rm\\%(Mm)^Li{M) I \g\\BMOcr- 


Thus 


Ilfl'IluMOcr — I^axjsup ||Lm||L2(;y4^)^2.2(X), sup 

m m 

< 4\\g\\ BMOcr ^^P{\\^rn\\L<!(Mm)^L<i{M)^ \ \^rn\\L<i(Mm)^L<i{M)}' 

m 

This gives the hrst inequality of (3.12) with = (c")“^ for 1 < g < 2. | 

Recall that we say a hltration A4k is “regular” if, for some c > 0, ||a||oo < 
c| loo, Vm G N, a > 0, a G Aim- 

Lemma 3.7 For any regular filtration Aik, we have 

ll^llsATOcrlX) < Cpmax{||7rfe||iP(_M)^LP(7W), lkb||LP(X)^LP(X)}, VI < p < CX). (3.13) 
Proof. Note, for any b G BMOcr{-M.) with respect to the regular hltration Aik, 

||&||BArOc.(X) < csup sup {|| ^ 46a||L2(_A4), II ^ a46||L2(_v()}. 

mmra^<l,aeMm k>m k>m 



Similar to the proof of Theorem 3.6, we can get, 


c'q\\b\\BMO,r < sup sup {|| V dkba\\L<i(M)A \ Il'J(.M)} < Cq\\b\\BMO,r- 

mGNaGA^™,r|ap<l 

(3.14) 

On the other hand, by considering nb{a),nb{a) for a G Aim, ||u||lp(A4 ) < 1) we have 
sup {|| ^ dkba\\LP(M),\ \ adkb\\LP(M)} 

aGX™,rlap<l 

< 2 max{\\TTb\\LP{M)^LP{M), \ \'^b\\LP{M)^LP{M)}■ 

Taking supremum over m in the inequality above, we get (3.13) by (3.14) . | 

Lemma 3.8 For 1 < p < oo, we have 

\\'^b\\Laa(^M)^BMOcr{M) — '^p(II’^^>IIlp(A^)^Lp(X) a \ \b\\BMOr{M))- (3.15) 

\Fb\\B °°(M)^BMOcr(M) — ^pi\\^b\\LP(^_x4)^BP(M) \ \b\\BMOciM)) ■ (3.16) 


Proof. We prove (3.15) only. Fix a / G with ||/|| 2 ,oo(_yv() < 1. We have 


Em \dkbEk-if'\^ 


k>m 




supirEm ^ \dkbEk-if\^a, a G Mm, a > 0, ra < 1} 

k>m 

sap{T^^{dkbEk-if a^y {dkbEk-if a~^), a G Mm, a > 0,ra < 1} 


k>m 


dmbEm-ifap + ^ dkbEk-lifap) 


dkbEk-ifai 

k>m 

LP(M) 

k>m 


< sup 


Note \\dmbEm-ifap\\LP{M) < IMm&IU < II^IIbmo.- By (3.12) we get 


L<!{M) 


Em IdkbEk-ifl"^ 


k>m 


^ Cq{\\b\\BMOr + Ikbll LP{M)^LP{M) ) \Wb{f)\\BMOcr(Mi^-^'^') 


L°°{M) 

Taking supremum over m in (3.17), we get 
2 


lk^>(/)ll BMOc(M) — ^<1 (ll&ll BMOr + IKJ LP{M)^LP(M) )IM/)II BMOcriM) ■ 

On the other hand, since {Em-if){Em-ify < 1, we have 


hb{f)\\ 


BMOr(M) — \\^\\BMOr(M) 
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Thus, 


lk.(/)ll BMOcriM) — (^9 11^1 IsMOrCX)) \\^b{f)\\BMOcr{M) ’ 

Therefore 

IK^>llL°°(A^)^BMOcr(») — ^*"9 11^1 IsATOrCX))- I 

Proof of Theorem 1.2. By Lemma 3.7 and Lemma 3.8 we get immediately that 

max {IK, 11 ^ WMl °°{M)^BMOct^ 

<c,max (IK,II 

Lv(M)^LP(M) ’ W^bW 

LP(M)^LP(M)} 

By the interpolation results of noncommutative martingales( Theorem 3.5), we get 

max (IK,II 

— Cp max ’ \\'^b\\LP(M)^LP{M)}^ 

for all 1 < p < g < oo. 

Question : Assume 7 r,,T, are of type (p,p), are they of weak type (1,1)? More 
precisely, assume ||' 7 r,|Kp(_A/()^ 2 ,p(_A/() + |K,||LP(_A/()^ 2 ,p(;K) < oo, does there exist a constant 
C > 0 such that, for any / G L^(Af), A > 0, there is a projection e E M. such that 

r(e-^) < and | |e 7 r,(/)e| Koo(_v() + | |eT,(/)e| |i,oo(_vi) < A? 


We have the following corollary by applying results of this section to matrix valued 
dyadic paraproducts discussed in Section 1 and Section 2. Note valued dyadic 
martingales on the unit circle are noncommutative martingales associated with the 
von Neuman algebra Ai = L°°{T) 0 Mn and the hltration Aik = L°°(T, Ak) ® M„. 


Corollary 3.9 Let 1 < p < oo, denote by Cp{n) the best eonstant sueh that 

^'^b^Lv(sD^LP{Sl) — 


Then 


Cp(n) - log(n + 1). 


Proof. Note in the proof of Theorem 1.1, if we see / as a column matrix valued 
function and p as a row matrix valued function, we will have 

\\f\\LP{SZ) = I|tt|l 4 > \\9\\l<i(S?,) = WPWil- 
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By the same method, we can prove Cp{n) > clog(n + 1) for all 1 < p < cx). For the 
inverse relation, by (1.2) we have C 2 (n) < clog(n + 1). Then, by (3.15), we get 

— '^ 2 (c 2 (?^) Il&ll + I l&l IsMOcr) 

< clog(n + l)||&||L.o(M„), V6eL“(M0 (3.18) 
Denote by the adjoint operator of the dyadic paraproduct Tib, then 

^uf) = 

k 

Note we have the decomposition 

7i;{f) = b*f-7ib4f)-{7rr{b)r. 

By (3.18), we get 

^ ll&1U“(Ar„) + clog(n + 1)||&*|U^(M„) + clog(n + 1)||6 |U^(m„) 

< clog(n + l) (3.19) 

By (3.18), (3.19) and the interpolation result Theorem 3.5, we get 

< Cplog(n + 1) || 6 ||ioo(M„), VI < p < oo. 

Therefore, we can conclude Cp{n) ^ log(n + 1). I 
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